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A RESULT ON THE SUM OF ELEMENT
ORDERS OF A FINITE GROUP
AFSANE BAHRI, BEHROOZ KHOSRAVI AND ZEINAB AKHLAGHI
Abstract. Let G be a finite group and ψ(G) =
∑
g∈G o(g). There are some results
about the relation between ψ(G) and the structure of G. For instance, it is proved that
if G is a group of order n and ψ(G) >
211
1617
ψ(Cn), then G is solvable. Herzog et al.
in [Herzog et al., Two new criteria for solvability of finite groups, J. Algebra, 2018] put
forward the following conjecture:
Conjecture. If G is a non-solvable group of order n, then
ψ(G)≤
211
1617
ψ(Cn)
with equality if and only if G = A5. In particular, this inequality holds for all non-abelian
simple groups.
In this paper, we prove a modified version of Herzog’s Conjecture.
1. Introduction
Let G be a finite group and pi(G) be the set of all prime divisors of |G|. Let ψ(G) =∑
g∈G o(g). In [1], it is proved that cyclic groups are characterized by their orders and the
sum of element orders. In fact, they proved that the maximum amount of this function
occurs on cyclic groups among all groups of the same order. Many authors have investi-
gated some other properties of this function (see [2, 3, 6, 7, 8, 10, 11, 12]). The following
conjecture was posed by Herzog et al. in [7] :
Conjecture. If G is a non-solvable group of order n, then
ψ(G)≤
211
1617
ψ(Cn)
with equality if and only if G = A5. In particular, this inequality holds for all non-abelian
simple groups.
It is proved that if G is a group of order n and ψ(G) >
211
1617
ψ(Cn), then G is solvable
(see [2],[7]). Baniasad Azad and Khosravi in [2] gave some other groups the equality holds
for. Actually, they showed that A5×Cm, where (30, m) = 1, satisfies the equality. Here,
we prove that these groups are the only groups the equality holds for. Thus, we prove a
modified version of Conjecture 6 in [7] as follows.
Main Theorem. Suppose that G is a non-solvable group of order n and ψ(G) =
211
1617
ψ(Cn). Then G = A5 × Cm, where (30, m) = 1.
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2. Preliminary Results
Lemma 2.1. [1, Corollary B] Let P ∈ Sylp(G), and assume that P ⊳G and that P is
cyclic. Then ψ(G) ≤ ψ(P )ψ(G/P ), with equality if and only if P is central in G.
Lemma 2.2. [7, Proposition 2.6] Let H be a normal subgroup of the finite group G. Then
ψ(G) ≤ ψ(G/H)|H|2.
Lemma 2.3. [3, Lemma 2.1] If G and H are finite groups, then ψ(G×H) ≤ ψ(G)ψ(H).
Also ψ(G×H) = ψ(G)ψ(H) if and only if gcd(|G|, |H|) = 1.
Lemma 2.4. [6, Proposition 2.5] Let G be a finite group and suppose that there exists
x ∈ G such that |G : 〈x〉| < 2p, where p is the maximal prime divisor of |G|. Then one
of the following holds:
(i) G has a normal cyclic Sylow p-subgroup,
(ii) G is solvable and 〈x〉 is a maximal subgroup of G of index either p or p+ 1.
Lemma 2.5. [6, Lemma 2.9]
(1) If P is a cyclic group of order pr for some prime p, then
ψ(P ) =
p2r+1 + 1
p + 1
=
p|P |2 + 1
p+ 1
.
(2) Let p1 < p2 < · · · < pt = p be the prime divisors of n and denote the corresponding
Sylow subgroups of Cn by P1, P2, · · ·, Pt. Then
ψ(Cn) =
∏
i=1t
ψ(Pi) ≥
2
p+ 1
n2.
Lemma 2.6. [7, Theorem 1] Let G be a finite group of order n containing a subgroup A
of prime power index ps. Suppose that A contains a normal cyclic subgroup B satisfying
the following condition: A/B is a cyclic group of order 2r for some non-negative integer
r. Then G is a solvable group.
Lemma 2.7. [5, Theorem] Let G be a finite group, A an Abelian subgroup of G. If A is
a maximal subgroup of G then G is solvable.
Lemma 2.8. [9, Lemma 9.1] Let G be a group, and suppose that G/Z(G) is simple. Then
G/Z(G) is nonabelian, and G′ is perfect. Also G′/Z(G′) is isomorphic to the simple group
G/Z(G).
Lemma 2.9. [9, Corollary 5.14] Let P ∈ Sylp(G), where G is a finite group and p is
the smallest prime divisor of |G|, and assume that P is cyclic. Then G has a normal
p-complement.
Lemma 2.10. [9, Theorem 2.20] Let A be a cyclic proper subgroup of a finite group G,
and let K = coreG(A). Then |A : K| < |G : A|, and in particular, if |A| ≥ |G : A|, then
K > 1
Lemma 2.11. [4, Theorem 3.1] If n = 1 + rp, with 1 < r < (p + 3)/2 there is not a
group G with n Sylow p-subgroups unless n = qt where q is a prime, or r = (p− 3)/2 and
p > 3 is a Fermat prime.
Lemma 2.12. [4, Theorem 3.2] There is no group G with n3 = 22, with n5 = 21, or with
np = 1 + 3p for p ≥ 7.
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Lemma 2.13. [2, Lemma 2.1] Let G be a group of order n = p1
α1 · · ·pk
αk , where p1, · · · , pk
are distinct primes. Let ψ(G) >
r
s
ψ(Cn), for some integers r, s. Then there exists a cyclic
subgroup 〈x〉 such that
[G : 〈x〉] <
s
r
·
p1 + 1
p1
· · ·
pk + 1
pk
.
Lemma 2.14. [2, Lemma 2.3]
(a) Let p ∈ {2, 3, 5} and a > 0. Then p2a >
13
12
ψ(Cpa).
(b) Let pi(m) ⊆ {2, 3, 5} and m ≥ 2. Then m2 >
13
12
ψ(Cm).
Lemma 2.15. [2, Lemma 2.4] Let n = p1
α1p2
α2 · · · pr
αr be a positive integer, where pi are
primes, p1 < p2 < · · · < pr = p and αi > 0, for each 1≤ i≤ r. If p ≥ 13, then
ψ(Cn) ≥
5005
1152
n2
p+ 1
.
By the proof given in [2] for Lemma 2.2, we have:
Lemma 2.16. Let p be a prime number and a, b > 0. Then ψ(Cpa+b) > ψ(Cpa)ψ(Cpb).
3. Main Results
In this section we prove the modified version of Herzog’s Conjecture.
Lemma 3.1. Let G be a non-solvable group of order n and p | n. Furthermore, ψ(G) =
211
1617
ψ(Cn) and P ∈ Sylp(G) is cyclic and normal in G. Then P has a normal p-
complement K in G, where ψ(K) =
211
1617
ψ(C|K|).
Proof. By Lemma 2.1, we have
(1) ψ(P )ψ(G/P ) ≥ ψ(G) =
211
1617
ψ(Cn) =
211
1617
ψ(C|P |)ψ(C|G/P |).
Therefore
ψ(G/P ) ≥
211
1617
ψ(C|G/P |).
Now by the non-solvability of G and the main result of [2], we conclude that ψ(G/P ) =
211
1617
ψ(C|G/P |). It follows that the equality holds in (1). Thus P ≤ Z(G) by Lemma 2.1.
Therefore by Burnside’s normal p-complement theorem, there exists K E G such that
G = P ×K. 
Theorem 3.2. Suppose that G is a non-solvable group of order n, and p = 5 is the largest
prime divisor of n. Furthermore, ψ(G) =
211
1617
ψ(Cn). Then G = A5.
Proof. By the assumption n = 2α3β5γ. We note that G has no normal Sylow subgroup.
By Lemma 2.5, we have
(2) ψ(G) =
211
1617
ψ(Cn) >
211
1617
·
22α+1
3
·
32β+1
4
·
52γ+1
6
=
211
1617
·
5
12
n2.
Therefore, there exists x ∈ G such that [G : 〈x〉] < 19.
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If [G : 〈x〉] < 10, then by the non-solvability of G and Lemma 2.4, G has a normal
Sylow 5-subgroup, which is a contradiction. Hence 10 ≤ [G : 〈x〉] < 19. Now we consider
the following cases:
(a) Let [G : 〈x〉] = 18.
Then there exists P5 ∈ Syl5(G) such that P5 ≤ 〈x〉. Therefore
18 = [G : 〈x〉] = [G : NG(P5)][NG(P5) : 〈x〉] = (1 + 5k)[NG(P5) : 〈x〉].
Hence [G : NG(P5)] = 6 and [NG(P5) : 〈x〉] = 3. Let H = coreG(〈x〉). Now by
Lemma 2.10, [〈x〉: H ] < [G : 〈x〉] = 18. If 5 ∤ [〈x〉 : H ], then H contains a Sylow
5-subgroup of G, say P5, implying P5EG, a contradiction. Hence 5 | [〈x〉: H].
By the non-solvability of G/H , [〈x〉: H ] = 10 and |G/H| = 180. Since A5×C3
is the only non-solvable group of order 180, we conclude that G/H∼=A5×C3 and
ψ(G/H) = 1237. Now using Lemma 2.2 and (2), we have
211
1617
·
5
12
n2 < ψ(G) ≤ ψ(G/H)|H|2 = 1237(n/180)2,
which is a contradiction.
(b) Let [G : 〈x〉] = 16.
By Lemma 2.6, we conclude that G is solvable contradicting our hypothesis.
(c) Let [G : 〈x〉] = 15.
Similar to the previous cases, 〈x〉 contains a Sylow 2-subgroup of G, say P2.
Using Lemma 2.9, G has a normal 2-complement, say N . Hence by the Feit-
Thompson theorem, N is solvable contradicting the non-solvability of G.
(d) Let [G : 〈x〉] = 10.
There exists P3 ∈ Syl3(G) such that P3 ≤ 〈x〉. Then 〈x〉≤ NG(P3) and we have
10 = [G : 〈x〉] = [G : NG(P3)][NG(P3) : 〈x〉] = (1 + 3k)[NG(P3) : 〈x〉].
Then NG(P3) = 〈x〉. We claim that NG(P3) is a maximal subgroup of G. Suppose
that NG(P3) < L ≤ G. Hence NL(P3) = NG(P3) and 10 = [G : L][L : NL(P3)]
implying [G : L] = 1. Now Lemma 2.7 implies that G is solvable, a contradiction.
(e) Let [G : 〈x〉] = 12.
There exists P5 ∈ Syl5(G) such that P5 ≤ 〈x〉. As we argued, we have
12 = (1 + 5k)[NG(P5) : 〈x〉].
Thus [G : NG(P5)] = 6 and [NG(P5) : 〈x〉] = 2. Let H = coreG(〈x〉). Hence by
Lemma 2.10, [〈x〉 : H ] < [G : 〈x〉] = 12.
Similarly to Case (a), 5 | [〈x〉 : H ], and so [〈x〉 : H ] = 5 or 10. Now we consider
each case:
• Let [〈x〉 : H ] = 10.
In this case, |G/H| = 120 and by the non-solvability ofG/H , we have ψ(G/H) ≤
663. By Lemma 2.2 and (2), we conclude that:
211
1617
·
5
12
n2 < ψ(G) ≤ ψ(G/H)|H|2 ≤ 663(n/120)2,
which is a contradiction.
• Let [〈x〉 : H ] = 5.
In this case, |G/H| = 60, and so G/H∼=A5. As a result, H is a maximal
normal subgroup of G. On the other hand, H is cyclic, so H ≤ CG(H). Then
H = CG(H) or G = CG(H). The Normalizer-Centralizer Theorem implies that
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G = CG(H), and so H ≤ Z(G). Therefore H = Z(G) and G/Z(G)∼=A5. Hence
G′Z(G)/Z(G) ∼= A5 implying G = G
′Z(G), and we have
G′
G′∩Z(G)
∼=A5. On the
other hand, Lemma 2.8 implies that G′ is perfect and G′/Z(G′) ∼= A5. By the fact
that the Schur multiplier of A5 is equal to 2, we have G
′ ∼= SL(2, 5) or G′ ∼= A5.
If G′∼=SL(2, 5), then |G′∩Z(G)| = 2 and we have
G
G′∩Z(G)
∼=
G′Z(G)
G′∩Z(G)
∼=
G′
G′∩Z(G)
×
Z(G)
G′∩Z(G)
∼= A5 × Cm,
where m = n/120. So by Lemmas 2.2 and 2.3, we conclude that
ψ(G) ≤ ψ(
G
G′∩Z(G)
)|G′∩Z(G)|2 ≤ ψ(A5)ψ(Cm)|G
′∩Z(G)|2 = 4 · 211ψ(Cm).
Now by (2) and some simple calculations, we obtain 72000m2 < 77616ψ(Cm) <
78000ψ(Cm). Hence 12m
2 < 13ψ(Cm). By Lemma 2.14, m = 1, n = 120 and
G = SL(2, 5). It means that, 663 = ψ(G) =
211
1617
ψ(C120) > 824, a contradiction.
If G′ ∼= A5, then |G
′∩Z(G)| = 1 and G = G′ × Z(G) ∼= A5 × Z(G).
If 1 6= Z(G), then |Z(G)| = 2α−23β−15γ−1 and by Lemmas 2.3 and 2.16, we have
ψ(G) = ψ(A5×Z(G)) ≤ ψ(A5)ψ(Z(G)) = 211ψ(C2α−2)ψ(C3β−1)ψ(C5γ−1)
< 211 ·
ψ(C2α)
ψ(C4)
·
ψ(C3β)
ψ(C3)
·
ψ(C5γ )
ψ(C5)
=
211
1617
ψ(Cn),
which is a contradiction. That is why, we must have Z(G) = 1 and G = A5.

Remark 3.3. Let G be a non-solvable group. Then there exists a non-abelian simple
group S such that |S| | |G|. If 3 /∈ pi(G), then S is a Suzuki group, but there exists no
Suzuki group which pi(S)⊆{2, 3, 5, 7, 11}. Therefore, the order of each non-solvable group
G, where pi(G) ⊆ {2, 3, 5, 7, 11} is divisible by 3.
Theorem 3.4. Suppose that G is a non-solvable group of order n, and p = 7 is the largest
prime divisor of n. Furthermore, ψ(G) =
211
1617
ψ(Cn). Then G = A5×Cm, where m = 7
α,
for some α ≥ 1.
Proof. In this case, we have either pi(G) = {2, 3, 7} or pi(G) = {2, 3, 5, 7}.
Case (1) Suppose that pi(G) = {2, 3, 7}.
First of all, we notice that G has no normal Sylow subgroup. Now the same as before,
we have
(3) ψ(G) =
211
1617
ψ(Cn) >
211
1617
·
7
16
n2.
Hence there exists x ∈ G such that |G : 〈x〉| < 18. By Lemma 2.4, if [G : 〈x〉] < 14, then
G has a normal Sylow 7-subgroup, a contradiction. So we must have 14 ≤ [G : 〈x〉] < 18.
(a) Let [G : 〈x〉] = 14.
There exists P3 ∈ Syl3(G) such that P3 ≤ 〈x〉. Similarly to the above discussion, we
have
14 = (1 + 3k)[NG(P3) : 〈x〉].
Hence [G : NG(P3)] = 7 and [NG(P3) : 〈x〉] = 2. Let H = coreG(〈x〉). Lemma 2.10 implies
that [〈x〉 : H ] < [G : 〈x〉] = 14. Then 3 | [〈x〉 : H ]. Therefore by the non-solvability of
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G/H , [〈x〉 : H ] = 12 and |G/H| = 168. It follows that G/H∼=L2(7) and ψ(G/H) = 715.
Now by Lemma 2.2 and (3), we have
211
1617
·
7
16
n2 < ψ(G) ≤ ψ(G/H)|H|2 = 715(n/168)2,
which is a contradiction.
(b) Let [G : 〈x〉] = 16.
Lemma 2.6 implies that G is solvable, a contradiction.
Case (2) Suppose that pi(G) = {2, 3, 5, 7}.
By the assumption, we have
ψ(G) =
211
1617
ψ(Cn) >
211
1618
ψ(Cn).
Now using Lemma 2.13, we conclude that there exists x ∈ G such that
[G : 〈x〉] <
1618
211
·
2 + 1
2
·
3 + 1
3
·
5 + 1
5
·
7 + 1
7
< 22.
If [G : 〈x〉] < 14, then by Lemma 2.4, G has a normal cyclic Sylow 7−subgroup, say P7.
Now by Lemma 3.1, there exists K EG such that G = P7×K and ψ(K) =
211
1617
ψ(C|K|).
We notice thatK is non-solvable and pi(K) = {2, 3, 5}. Hence it satisfies all the hypotheses
of Theorem 3.2. Therefore K = A5 and G = A5 × Cm, where m = 7
α with α ≥ 1.
Thus assume that 14 ≤ [G : 〈x〉] < 22.
(a) Let [G : 〈x〉] = 14.
Similarly to the above discussion, we have 14 = (1 + 5k)[NG(P5) : 〈x〉], for some
P5 ∈ Syl5(G). Hence k = 0, and so by Lemma 3.1, there exists a normal 5-complement
K, where K is non-solvable, pi(K) = {2, 3, 7} and ψ(K) =
211
1617
ψ(C|K|). Therefore, K
satisfies all the hypotheses of Case (1). Then the same as before, it causes a contradiction.
(b) Let [G : 〈x〉] = 16.
By Lemma 2.6, G is solvable, a contradiction.
(c) Let [G : 〈x〉] = 21.
There exists P5 ∈ Syl5(G) such that P5 ≤ 〈x〉. Then 21 = (1 + 5k)[NG(P5) : 〈x〉],
and so k = 0, by Lemma 2.12. Therefore, Lemma 3.1 implies that G contains a normal
5-complement satisfying all the hypotheses of Case (1). Hence it causes a contradiction.
(d) Let [G : 〈x〉] = 15.
There exists P7 ∈ Syl7(G) such that P7 ≤ 〈x〉. Then 15 = (1 + 7k)[NG(P7) : 〈x〉],
and so k = 0, by Lemma 2.11. Therefore, Lemma 3.1 implies that P7 has a normal
7-complement K, where G = P7 ×K and K satisfies all the hypotheses of Theorem 3.2.
Hence G = A5×P7 = A5×Cm, where m = 7
α and α≥1.
(e) Let [G : 〈x〉] = 18 or 20.
Then exactly similar to part (d), we get that G = A5×Cm, where m = 7
α and α ≥ 1.

Theorem 3.5. Suppose that G is a non-solvable group of order n, and p = 11 is the
largest prime divisor of n. Furthermore, ψ(G) =
211
1617
ψ(Cn). Then G = A5 × Cm, where
m = 11β, for some β ≥ 1.
Proof. We consider the following cases:
Case (1)Let pi(G) = {2, 3, 11}.
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We note that in this case G has no normal Sylow subgroup. Moreover, by the assump-
tion, we have
ψ(G) =
211
1617
ψ(Cn) >
211
1618
ψ(Cn).
Now by Lemma 2.13, there exists x ∈ G such that
[G : 〈x〉] <
1618
211
·
2 + 1
2
·
3 + 1
3
·
11 + 1
11
< 17 < 2p.
Then Lemma 2.4 implies that G has a normal Sylow 11-subgroup, a contradiction.
Case (2)Let pi(G) = {2, 3, 5, 11}.
The same as before, there exists x ∈ G such that
[G : 〈x〉] <
1618
211
·
3
2
·
4
3
·
6
5
·
12
11
< 21 < 2p.
By the non-solvability of G and Lemma 2.4, we conclude that there exists P11 ∈ Syl11(G)
which is cyclic and normal in G. Now using Lemma 3.1, there exists KEG such that G =
P11×K and ψ(K) =
211
1617
ψ(C|K|). We note that K is non-solvable and pi(K) = {2, 3, 5}.
Thus, it satisfies all the hypotheses of Theorem 3.2. Hence K = A5 and G = A5×Cm,
where m = 11β and β ≥ 1.
Case (3)Let pi(G) = {2, 3, 7, 11}.
By Lemma 2.13, there exists x ∈ G such that
[G : 〈x〉] <
1618
211
·
3
2
·
4
3
·
8
7
·
12
11
< 20 < 2p.
Therefore by Lemma 2.4, G has a normal cyclic Sylow 11-subgroup, say P11. Hence using
Lemma 3.1, G has a normal subgroup K such that ψ(K) =
211
1617
ψ(C|K|) and K ∼= G/P11.
As a result, K is non-solvable and pi(K) = {2, 3, 7}. Thus, it satisfies all the hypotheses
of Case (1) of Theorem 3.4. So the same as before, it causes a contradiction.
Case (4)Let pi(G) = {2, 3, 5, 7, 11}.
As the above discussion, there exists x ∈ G such that
[G : 〈x〉] <
1618
211
·
3
2
·
4
3
·
6
5
·
8
7
·
12
11
< 23.
If [G : 〈x〉] < 22, then there exists P11 ∈ Syl11(G) which is cyclic and normal in G. Hence
by Lemma 3.1, there exists K E G such that K ∼= G/P11 and ψ(K) =
211
1617
ψ(C|K|).
Thus, K satisfies all the hypotheses of Case (2) of Theorem 3.4. Therefore K = A5×Cs,
where s = 7α and α ≥ 1. Finally, we conclude that G = A5 × Cm, where m = 7
α11β and
α, β ≥ 1.
If [G : 〈x〉] = 22, then 〈x〉 contains a Sylow 7-subgroup of G, say P7. The same as
before, 22 = (1 + 7k)[NG(P7) : 〈x〉]. Hence k = 0, by Lemma 2.11, and so there exists
K E G satisfying all the hypotheses of Case (2). Thus G = A5×Cm, where m = 7
α11β
and α, β ≥ 1. 
Main Theorem. Suppose that G is a non-solvable group of order n and ψ(G) =
211
1617
ψ(Cn). Then G = A5 × Cm, where (30, m) = 1.
Proof. We prove the theorem by induction on the size of p, where p is the largest prime
divisor of n. By the assumption, |pi(G)| ≥ 3, and so p ≥ 5. If 5 ≤ p ≤ 11, then by the
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above theorems, we have G = A5×Cm, where (30, m) = 1. Thus, we may assume that
p ≥ 13.
Then by Lemma 2.15, we have
ψ(G) =
211
1617
ψ(Cn) ≥
211
1617
·
5005
1152
·
n2
p+ 1
.
It means that, there exists x ∈ G such that
(4) [G : 〈x〉] <
1617
211
·
1152
5005
(p+ 1) < 2(p+ 1).
Assume that p | [G : 〈x〉]. Then pm = [G : 〈x〉] < 2(p+1), and it follows that m = 1 or
m = 2. If m = 1, then using Lemma 2.7, G is solvable which is a contradiction. If m = 2,
then by (4), we have 2p <
1617
211
·
1152
5005
(p+ 1), and so p < 8, a contradiction.
Thus, we have p ∤ [G : 〈x〉]. Therefore, there exists P ∈ Sylp(G) such that P ≤ 〈x〉.
Similarly to the above discussion, we have
2(p+ 1) > [G : 〈x〉] = [G : NG(P )][NG(P ) : 〈x〉] = (1 + kp)[NG(P ) : 〈x〉].
It follows that k = 0, k = 1 or k = 2. If k = 1 or k = 2, then NG(P ) = 〈x〉, and similar to
part (d) of Theorem 3.2, NG(P ) = 〈x〉 is a maximal subgroup of G. Now using Lemma
2.7, G is solvable, a contradiction. Thus k = 0 and P E G. By Lemma 3.1, there exists
K E G such that G = P × K, K ∼= G/P and ψ(K) =
211
1617
ψ(C|K|). Moreover, it is
obvious that K is non-solvable. Now by the inductive hypotheses, K = A5×Cs, where
(30, s) = 1. Thus G = A5×Cm, where m = s|P | and (30, m) = 1.

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